Abstract-This paper examines the problem of distributed event-triggering output-feedback control for discrete-time largescale fuzzy systems in the network scenario. A novel distributed event-triggering control scheme is proposed, where each subsystem transmits its output information and premise variables only when its local output error exceeds a specified threshold. The resulting closed-loop fuzzy control system subject to nonsynchronous grades of membership is explored under such circumstances. In virtue of a piecewise Lyapunov function together with some matrix inequality convexification techniques, the solution to the distributed event-triggering output-feedback control problem is derived in the form of linear matrix inequalities. It will be shown that the closed-loop control system is asymptotically stable while significantly reducing the communications via networks. Finally, a direct current microgrid with solar photovoltaic arrays is utilized to illustrate the validity and practicability of the proposed results.
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I. INTRODUCTION

I
N REAL-LIFE industrial applications, the strong nonlinearities of physical plants may give rise to severe difficulties for analysis and synthesis of systems. Fuzzy logic control has been successfully applied to control many complex nonlinear systems or even nonanalytic systems [1] - [3] . Among all the existing fuzzy models, the Takagi-Sugeno (T-S) model has received sustained attention as it can be regarded as a competitive candidate for the control of complex nonlinear systems [4] - [7] . Using the T-S fuzzy models can approximate smoothly nonlinear systems in an arbitrary precision. Moreover, based on the T-S fuzzy model, some fruitful linear control methods are valid to resolve its control problems. During the past few decades, a large number of theoretical findings have been published around the stability analysis and control synthesis for T-S fuzzy systems in the existing literature [8] - [16] .
As is well known, the communication network in control systems brings many benefits, such as simple installation and low maintenance, thus they have been widely used in the various areas of control disciplines instead of point-to-point connections [17] - [19] . Because of the communication over a shared wire/wireless network, its resources and/or energy sources are generally limited [20] , [21] . In recent years, we have witnessed rapidly increasing interest in the study of event-based control to avoid the occurrence of collision/larger delays/channel congestion in the communication network. A threshold is given a priori, which determines that the control signals can be transmitted or not, see, e.g., [22] - [27] . For instance, the observer-based controllers for linear systems were studied in [22] based on a two-channel event-triggering scheme. With the aid of perturbed linear and piecewise linear system approaches, some sufficient conditions for stability and performance of the resulting closedloop systems were derived in terms of linear matrix inequalities (LMIs). In [23] , a two-channel event-triggered control scheme for linear systems was proposed by using an impulsive model approach, and the stability and performance for event-triggered controllers with larger minimum interevent times than the existing results in the literature were guaranteed. The work in [24] focused on event-triggered control for networked linear systems. The effect of the network transmission delay and the properties of the event-triggering scheme were taken into account. The co-design for both the controller and the parameters of triggers was derived in the form of LMIs. To date, a variety of similar terms including the event-triggering control [22] - [24] , interrupt-based control [25] , self-triggering control [26] , and state-triggering control [27] have been named. More recently, some relevant work has considered the characteristics of membership functions for fuzzy systems [28] - [33] . In [28] , the degree of overlap between the membership functions was taken into account, and the relaxed LMI conditions to the parallel distributed compensation (PDC) controller design were proposed for fuzzy systems. This work in [29] assumed that the knowledge of membership function shape was available a priori in the form of polynomial constraints, and relax stability and performance conditions for fuzzy systems with the PDC controller were derived. When requiring a priori asynchronous knowledge, the work in [30] derived the LMI-based design results on fuzzy controller. In [31] , further extensions to uncertain grades of membership were presented, and the less conservative results were derived by relaxing some restrictive conditions. In [32] , the asynchronous grades of membership were considered as disturbances, and the design of fuzzy state-feedback controller to synchronize the chaotic systems was derived in the form of LMIs. The work in [33] reconstructed the synchronous grades of membership between the controller and the plant under communication network, two relaxing criteria to stability analysis and controller synthesis were derived.
On the other hand, researchers have paid more attention to the control issue of large-scale systems because of its extensive application in many practical scenarios, such as multiagent systems, transportation networks, power plants, and industrial processes [34] . Multiagent systems, such as unmanned aerial vehicles, mobile robots, and distributed sensor networks, have been a very active research subject [35] . Such systems could be regarded as a class of large-scale systems without interconnections, and their structures might dictate a technique for the stability analysis and controller design problems including coordinated control [36] . In this way, the analysis and design subproblems are directly associated with the subsystems in addition to a coordinator that achieves the overall job. For the large-scale systems with coupling, considering that the centralized control requires faster computers with larger memory to implement excessive information processing, currently the decentralized control has attracted considerable interest in the field of large-scale systems. Instead of developing a single controller, a cluster of controllers, which are mutually independent, can be designed to execute the overall control task [37] . Unfortunately, the decentralized control policy expresses the weaker stabilizing ability, particularly when the degree of interconnections among subsystems is very strong [38] . In the distributed control approach, the extra feedbacks including the interconnection information are offered to strengthen the stabilizing ability and to enhance the performance. Therefore, those weaknesses appearing in both centralized control and decentralized control can be avoided by using the distributed control method.
Recently, some updated results have been presented with the aid of fuzzy/piecewise Lyapunov functional, and it has been verified that the inherent conservatism induced by the common Lyapunov function approach can be relaxed as considering a fuzzy/piecewise Lyapunov functional [39] - [42] . Furthermore, the T-S fuzzy-model-based approach has been developed for large-scale nonlinear systems [46] - [49] . For instance, some design results have been derived for decentralized state-feedback control of large-scale systems in [46] - [48] . The work in [49] studied the decentralized H ∞ filtering problem for large-scale nonlinear systems with time-varying delays. The work in [50] investigated the decentralized event-triggering control scheme for large-scale networked T-S fuzzy systems. The results on H ∞ decentralized fuzzy observer-based controller were derived with the aid of the decoupled method in [51] . To design the H ∞ fuzzy controller with reduced number of LMIs, Chang and Wang [52] , [53] investigated the Lyapunov-based method combined with Sprocedure. It is worth noting that few results on the distributed event-triggering output-feedback control have been reported for large-scale fuzzy systems based on the piecewise Lyapunov functional approach, which motivates us for this study.
This paper is concerned with the distributed event-triggering output-feedback control problem for a class of discrete-time large-scale nonlinear systems in the network environment. The presented large-scale system consists of a group of nonlinear subsystems with interconnections. Each nonlinear subsystem is described using a T-S model, and exchanges its output information over communication networks. To effectively reduce data transmission in communication channels, a novel eventtriggering control scheme is proposed, in which each subsystem transmits its output information and premise variables only when its output error exceeds a specified threshold. Also, the asynchronous feature of premise variables contained in the system and the proposed controller is considered. Based on the piecewise Lyapunov functional approach together with some matrix inequality convexification techniques, sufficient conditions ensuring the existence of distributed event-triggering output-feedback controller will be derived in the form of LMIs. A dc microgrid with photovoltaic (PV) arrays is utilized to check the feasibility of the obtained theoretical results.
For a class of large-scale networked fuzzy systems in the discrete-time domain, the main contribution of this paper is to present a design scheme of distributed event-triggering outputfeedback controller at the first attempt. More precisely, a novel distributed event-triggering control scheme will be proposed, where each subsystem transmits its output information and premise variables just when its local output error exceeds a specified threshold, and the piecewise Lyapunov functional approach is employed to guarantee the convergence of the resulting closed-loop systems with nonsynchronous grades of membership. The sufficient conditions with less conservatism are obtained in the form of LMIs for the desired controller design.
A. Notations
In this paper, n and n ×m are the n-dimensional Euclidean space and the n × m dimensional real matrices, respectively. P > 0 (≥ 0) means that matrix P is positive definite (positive semidefinite). Sym{A} denotes A + A T . I n and 0 m ×n represent the identity matrix and zero matrix, respectively. The subscripts n and m × n are omitted when their sizes are irrelevant or can be determined from the context. For the matrix A, A −1 and A T represent its inverse and transpose, respectively. diag{· · ·} denotes a block-diagonal matrix. The notation · represents the Euclidean vector norm, and · 2 is the l 2 [0, ∞) norm. The notation represents the symmetric terms.
II. PROBLEM FORMULATION AND PRELIMINARIES
This paper considers a large-scale system composed of N discrete-time nonlinear subsystems. First, based on T-S model representation, the ith subsystem can be described by 
where W il and E il are known matrices with appropriate dimensions. Δ il (t) ∈ s 1 ×s 2 are the unknown time-varying matrix functions with Lebesgue measurable elements satisfying
Remark 2.1: To avoid complicated notations, this paper only considers a common output matrix C i . Nevertheless, the results proposed in this paper can be extended to the presented system with the fuzzy matrix C il .
After using fuzzy blending, we can directly obtain the ith global T-S fuzzy model as follows:
Remark 2.2:
The works in [48] , [49] , [54] , and [55] studied the large-scale fuzzy systems with linear coupling A if instead of a general class of large-scale fuzzy systems with nonlinear coupling A if l in (1). Based on Lemma A1 in Appendix A, the linear coupling was regard as the extra disturbance. Note that the control problem for large-scale fuzzy systems with nonlinear coupling in (1) becomes more challenging than those with linear one available in [48] , [49] , [54] , and [55] .
Remark 2.3:
For simplicity, the uncertainty terms ΔA il are only considered in (1), l ∈ L i , i ∈ N . Note that in (1), a trivial extension on the methods presented in this paper can be done to that case where the uncertain terms subject to (2) and (3) could also appear in the system matrices B il and
In order to relax the inherent conservatism induced by a common Lyapunov function, a piecewise Lyapunov functional approach is introduced in this paper to address the problem of distributed event-triggering control for the considered system in (4). For each fuzzy subsystem i ∈ N , the idea proposed in [56] is referred here, where the premise variable space is split into two different classes of regions: crisp regions and fuzzy regions. Specifically, the region subject to 0 < μ il [ζ i (t)] < 1 is named the fuzzy region, where a convex combination of several local models is used to represent the system dynamics. At the same time, the crisp region is the region with μ il [ζ i (t)] = 1 for some rules l, and the rest of membership functions is equal to zero. In the crisp region the lth local model represents the system dynamics.
In terms of the partition policy of premise variables, we further define {S ij } j ∈J i as the partition space and J i as the set of region indices. Thus, the ith global T-S fuzzy system in (4) is rewritten as
with
where the set I i (j) contains some indices of system matrices for each fuzzy region, but the set I i (j) contains only a single index for each crisp region. In the context of networked control systems, the standard time-triggering implementation is unachievable because of the limited communication bandwidth. Inspired by Heemels and Donkers [22] , an event-triggering mechanism (ETM), which makes a decision on the transmission of system outputs, is proposed here to save the communication resources and to guarantee the desired performance. To implement the proposed solution, the ETM occurred in the sensor system is expressed as
whereŷ i (t) denotes that the system output is transmitted over the communication network.
Considering the operation in (8), an event-triggering strategy is given bŷ andζ
For simplicity, we introduce a new set Ω i as follows
where {s ≡ j, k ≡ j} represents that ζ i (t), ζ i (t + 1), andζ i (t) stay at the same region S ij , otherwise the different regions happen among ζ i (t), ζ i (t + 1), andζ i (t) . Now, given each partition of premise variable spaceζ i (t) in (11), a distributed event-triggering output feedback piecewise controller is proposed as follows: (12) where {K ik , K if k } ∈ n u ×n y , k ∈ J i , and i ∈ N are controller gains to be designed;ŷ i (t), i ∈ N stands for the system output applied to the controller.
The distributed event-triggering control scheme is shown in Fig. 1 , where ETM and buffer (BF) denote the ETM and the buffer, respectively;ŷ i (t) denotes the latest measurement output transmitted over the communication network. A sensor system includes a BF that is to reserveŷ i (t) and an ETM that is to determine whether transmitting the measurement output y i (t) and the premise variables ζ i (t) or not.
Remark 2.4: Note that the work in [43] proposes a PDC fuzzy filter with event-triggering in which the premise variables between the system and filter are synchronous. Such a filter may be impractical because of the existence of networked imperfections. Based on the event-triggering control scheme, a more reasonable assumption with the nonsynchronous premise variables is considered in [44] and [45] . However, it less effectively makes use of the limited network bandwidth because the premise variables are transmitted under the conventional time-triggering approach.
Remark 2.5: It is worth noting that when K if k = 0 for any k ∈ J i , i ∈ N , the distributed controller proposed in (12) degenerates the decentralized one that is widely studied in [47] - [49] . The simulation study will show that the supplemental feedbacks containing the interconnected information are provided in the proposed distributed controller (12) for the local controllers to ensure the better stabilization margins than the decentralized one.
Remark 2.6: In particular, the premise variables of the distributed piecewise controller in (12) undergo event-triggering control, such that the asynchronous premise variable spaces between ζ i (t) andζ i (t) are closer to the actuals. It has been shown in [31] , when the information between ζ i (t) andζ i (t) is unavailable, this condition tends to generate a linear controller, which lowers the stabilization ability of the desired controller.
The closed-loop control system consisting of (6) and (12) is represented as
where
Here, the idea proposed in [22] is borrowed to consider the event-triggering counterpart as a disturbance, that is
By submitting (14) into (13), the closed-loop control system is remodeled as
III. ANALYSIS AND DESIGN WITH DISTRIBUTED EVENT-TRIGGERING
In this section, by using the piecewise Lyapunov functional approach together with some matrix inequality convexification techniques, the stability analysis and controller design on distributed event-triggering output feedback will be conducted, respectively, for the large-scale fuzzy system in (4).
A. Stability Analysis
Here, the stability analysis for the closed-loop fuzzy control system in (15) is first given as follows:
Lemma 3.1: Considering the large-scale fuzzy system in (4), and the distributed event-triggering piecewise controller in (12) , then the resulting closed-loop control system is asymptotically stable, if there exist the positive-definite symmetric matrices
(2n x i +n y i )×n x i , and the positive scalars σ i , such that for all
Proof: Consider the piecewise Lyapunov function as follows:
T , and the matrix multiplier G i ∈ (2n x i +n y i )×n x i , it follows from the trajectory of the system (15) that
Note that
where Q = Q T > 0. Now, we define the symmetric positivedefinite matrices H if ∈ n x i ×n x i and M if ∈ n y i ×n y i , and by virtue of (21), it yields
and
It follows from (9) that
Define the matrix 0 < Q i = Q T i ∈ n y i ×n y i . It is easy to see from (26) that
Then, it gets from (19)- (27) that
where (1) 0
Now, by Schur complement lemma, it is not difficult to see from (28) that the inequality in (16) implies ΔV (t) < 0, which completes the proof.
Remark 3.1: Note that Lemma 3.1 is derived by the utilization of a piecewise Lyapunov function defined in (18) . It is straightforward to see that if P ij ≡ P i for any j ∈ J i , i ∈ N , the expression in (18) degrades into the common Lyapunov function proposed in [46] . The design results obtained via the piecewise Lyapunov function are less conservative than those using the common one, which will be verified in Section IV.
Remark 3.2:
It is also obvious that the bounding inequalities in (22) and (23) 
B. Distributed Event-Triggering Controller Design
Considering the system (4), this section focuses on designing the distributed event-triggering controller with piecewise form. Before starting it, the following assumptions are given: Assumption 3.1: The premise variables ζ i (t + 1), ζ i (t), and ζ i (t) stay at the same region, or both ζ i (t + 1) andζ i (t) stay near ζ i (t), and the partition of premise variable space {S ij } j ∈J i satisfies j > 3.
Assumption 3.2:
The output matrix C i , i ∈ N is of full row rank, then there exist nonsingular transformation matrix T i ∈ n x i ×n x i , i ∈ N satisfying [58]
Based on Assumptions 3.1 and 3.2, as well as some matrix inequality convexification techniques, the sufficient condition ensuring the existence of the desired distributed event-triggering piecewise controller is given as follows:
Theorem 3.1: Consider the large-scale fuzzy system in (4), and a distributed event-triggering piecewise controller in (12) , the closed-loop fuzzy control system with the Assumptions 3.1 and 3.2 is asymptotically stable, if there exist the positive-definite symmetric matrices
n y i ×n y i , i ∈ N , and the positive scalars { i , σ i }, such that for all (j, s, k) ∈ Ω i , m ∈ I i (j), j ∈ J i , i ∈ N the following LMIs hold:
Furthermore, the distributed event-triggering piecewise controller gains can be calculated by
Proof: For simplicity, we defineP ij = P
and by using Schur complement lemma, then the following inequality implies (16) is satisfied,
wherē
For the purpose of matrix inequality linearization, we further denote G ik , X ik , G ik , X ik , I, I, I , I} (38) where
Here, by performing a congruence transformation to (34) by Γ i , and take the relation in (37), the following inequality brings out the condition (16),
To derive an LMI-based result, we further specify G ik as
where (30) and (41) that
By substituting (42) and (43) into (39), and extracting the membership functions, then the inequality in (39) can be reformulated as
where m ∈ I i (j) , j ∈ J i , i ∈ N , and (45) and all notations are defined in (32) . By introducing the positive scalars i , and using Lemma A2 in Appendix A, the inequality in (31) is obtained, which completes the proof.
Remark 3.3:
It is noted that, when considering a fuzzy matrix C iv , v ∈ J i , the corresponding LMI-based design can be obtained by specifying G ik v and G if k v as
Remark 3.4:
Assumed that the input matrix B im , i ∈ N is of full column rank, there exist nonsingular transformation matrix
Similarly, we can specify
Based on the above relations, it is easy to derive an LMI-based result similar to Theorem 3.1. Due to the consideration of page length, the corresponding results are omitted here. Remark 3.5: It is also worth pointing out that the descriptor approach developed in [59] can be used to derive the LMIbased result on the SOF controller design. Based on the idea, the closed-loop fuzzy control system consisting of (6) and (12) can be re-expressed as
Based on the above process, it is easy to see that the controller gains have been separated from the system matrices B ij . In that case, we can also derive an LMI-based design result. As the asynchronous information between ζ i (t) andζ i (t) are unavailable, the corresponding results on designing the distributed event-triggering linear controller are summarized as follows:
Corollary 3.1: Considering the large-scale fuzzy system in (4), and a distributed event-triggering piecewise controller in (12) , the closed-loop fuzzy control system with the Assumption 3.2 is asymptotically stable, if there exist the positive-definite symmetric matrices 
and Furthermore, the distributed event-triggering linear controller gains can be calculated by
The premise variables no longer need to transmit via networks as designing an event-triggering linear controller in (48) . Compared with the event-triggering piecewise controller in (12) , the requirements of hardware and software can be reduced when designing the linear one, while it raises the design conservatism.
IV. NUMERICAL EXAMPLES
In this section, the effectiveness and practicability of proposed control design method are validated by two numerical examples.
Example 4.1: Consider a discrete-time large-scale system in the form of (1) with three T-S fuzzy subsystems:
where l ∈ {1, 2, . . . , 10} , i ∈ {1, 2, 3} , and all the system parameters are listed in Appendix B. The normalized membership functions are shown in Fig. 2 . In accordance with the partition policy in the premise variable spaces, there exist seven subspaces for each fuzzy subsystem
It is straightforward to see from Fig. 2 that {S i1 , S i3 , S i5 , S i7 } are crisp regions, and {S i2 , S i4 , S i6 } are fuzzy regions, and the index set is
It should be noted that the open-loop interconnected system is unstable. The objective here is to design a distributed eventtriggering output-feedback controller in the form of (12) such that the resulting closed-loop system is asymptotically stable while the data communications are transmitted through the network as little as possible. Here, we consider that the closed-loop fuzzy control system satisfies the Assumption 3.1, and assumed that σ i = 0.03, no feasible solutions can be obtained via the common Lyapunov function method proposed in [46] , and the decentralized controller proposed in [50] . Nevertheless, by using Theorem 3.1, the controller gains can be calculated as shown in Appendix C.
Example 4.2: Consider a dc microgrid with a dc/dc converter. The model representation is given by [60] ⎧
where in the solar PV, V D denotes the forward voltage of the power diode; R 0 , R L , and R M denote the resistance on the capacitance C 0 , the inductance L, and the MOSFET, respectively; v P V , φ L , and v 0 denote the PV array voltage, the current at the inductance L, and the voltage at the capacitance C 0 , respectively; φ 0 is the measurable load current.
Here, Fig. 3 shows a dc microgrid with three solar PVs, and its dynamic model is described as
In the simulation, the values of the plant parameters
.78 A, and by discretizing the interconnected T-S fuzzy system at the sampling period 
The normalized membership functions are shown in Fig. 4 . In terms of the partition policy in the premise variable space, there exist five subspaces for each fuzzy subsystem, It is clear to see from Fig. 4 that {S i2 , S i4 } are crisp regions, and {S i1 , S i3 , S i5 } are fuzzy regions. Then, for the region index term j in the fuzzy system, the index set is J i = {1, 2, . . . , 8},
Here, assume that the closed-loop fuzzy control system satisfies the Assumption 3.1, and σ i = 0.25, by applying Theorem 3.1 the controller gains can be calculated as listed in Appendix D.
Given the initial conditions
T , and x 3 (0) = [5.6, 0, 4.6] T . As shown in Figs. 5-7, the closed-loop system with the distributed eventtriggering piecewise controllers is asymptotically stable, and the event-triggering condition is shown in Fig. 8 . 
V. CONCLUSION
This paper investigated the distributed event-triggering control problem for a class of discrete-time large-scale fuzzy systems. A piecewise Lyapunov functional approach was proposed, together with some matrix inequality convexification techniques, the sufficient conditions for solving the distributed event-triggering control problem were derived in the form of LMIs. It has been shown that the closed-loop fuzzy control system is asymptotically stable while reducing the communication information via networks. Finally, a class of practical large-scale nonlinear system in the area of power systems has been employed to demonstrate the effectiveness of the proposed control approaches. One interesting future research topic is the extension of the proposed methods to adaptive policy learning algorithm as shown in [62] for the large-scale fuzzy systems with event-triggering control.
APPENDIX A
Lemma A1: [63] Given positive semidefinite symmetric matrix W ∈ n ×n , two positive integers n 2 and n 1 satisfying n 2 ≥ n 1 ≥ 1, the following inequality holds
Lemma A2: [64] Given matrices M = M T , S, N, and Δ(t); then the following inequality holds,
for all Δ T (t)Δ(t) ≤ I, if and only if for the scalar ε > 0 such that
for the third subsystem. for the third subsystem.
